Abstract. Let D be an integral domain and X an indeterminate over D. It is well known that (a) D is quasi-Prüfer (i.e, its integral closure is a Prüfer domain) if and only if each upper to zero
3.5(2)] it follows easily that an ideal I is⋆-invertible if and only if I is ⋆ f -invertible.
If I is ⋆ f -invertible, then I and I −1 are ⋆ f -finite [25, Proposition 2.6] . Let R be an overring of an integral domain D, let ι : D ֒→ R be the canonical embedding and let ⋆ be a semistar operation of D. We denote by ⋆ ι the semistar operation of R defined by E ⋆ι := E ⋆ , for each E ∈ F (R) (⊆ F (D)). Let * be a semistar operation of R and let * ι be the semistar operation on D defined by E * ι := (ER) * , for each E ∈ F (D). It is not difficult to see that ( * ι ) f = ( * f ) ι and if ⋆ is a semistar operation of finite type (resp., a stable semistar operation) of D then ⋆ ι is a semistar operation of finite type (resp., a stable semistar operation) of R (cf. for instance [23, Proposition 2.8] and [55, Propositions 2.11 and 2.13]).
quasi-prüfer domains
Let D be an integral domain with quotient field K, and let X be a nonempty set of indeterminates over K. Taking the properties of prime ideals in polynomial extensions of Prüfer domains as a starting point, the quasi-Prüfer notion was introduced in [5] for arbitrary rings (not necessarily domains). As in [19, An element u ∈ R will be said to be primitive over D if u is a root of a primitive polynomial on D (i.e., a nonzero polynomial f ∈ D[X] with c D (f ) = D). The extension D ⊆ R is called a primitive extension (or, a P-extension [28] ) if each element of R is primitive over D.
A nonzero prime ideal Q in the polynomial ring D[X] is called an upper to zero (McAdam's terminology) if Q ∩ D = (0). Let P := Q ∩ D, if Q = P [X] then Q is called an extended prime of D[X] (more details can be found in [39] ).
Recall that Gilmer and Hoffmann characterized Prüfer domains as those integrally closed domains D, such that the embedding of D inside its quotient field is a P-extension [28, Theorem 2] , and that D. Dobbs in [10] characterized P-extensions in terms of INC-domains. The natural link between quasi-Prüfer domains and primitive extensions is recalled in the following theorem, where we collect several useful characterizations of quasi-Prüfer domains (cf. also the very recent survey paper by E. Houston [39] ). (1) D is a quasi-Prüfer domain.
Proof. (1)⇔(4)⇔(5)⇔(6)⇔(7) and (9)⇔(10) by [19, Corollary 6.5.14] . Moreover, (3)⇔(6) by [3, Theorem 2.7] (2)⇔(3), (1)⇔ (11) and (1)
, and thus, by (1 (1
In view of the extensions to the case of semistar operations, we introduce the following notation. Let ⋆ be a semistar operation on D, if [11] and [12] ). Recall that UMt-domains can be characterized by weaker (t-) versions of some of the statements of Theorem 1.1, since the following statements are equivalent: (b) Note that if P ⊆ Q are two primes ideals in a UMt-domain with P = (0) and if Q is a prime t-ideal then P is also a prime t-ideal [21, Corollary 1.6].
(c) With the notation introduced just before this remark, one of the arguments in the proof of (6)⇔ (10) (13)), we easily deduce that the condition (11 t ) in Remak 1.2 (a), that characterizes the UMt-domains, is equivalent to the following:
(Cf. also [21 As a matter of fact, the "only if part", on which was based the conjecture, was already proved in [21, Propositions 1.2 and 1.4]; the "if part" follows from the equivalence of (11 (14) of Corollary 1.3, we recall that the domains for which d = w were introduced and studied in [49] under the name of DW-domains (cf. also [56] for further information on these domains). A DW-domain D can be characterized by the property that each overring R of D is t-linked to D (cf. [13, Theorem 2.6], [12] and [49, Proposition 2.2]).
Proof. This follows because, in the present situation, d = w, every nonzero prime ideal of D is a t-ideal (Corollary 1.3) and each prime ideal of Na(D) is extended from D by Theorem 1.1 ( (1)⇒ (8)).
. For instance take a nondiscrete valuation domain. In this case, the maximal ideal is not a v-ideal.
⋆-quasi-prüfer domains and uppers to zero
Let ⋆ be a semistar operation on an integral domain D. We want to introduce a semistar analog to the notion of quasi-Prüfer domain and to the related notion of UMt-domain.
We say that an integral domain D is a ⋆-quasi-Prüfer domain if the following property holds:
It is clear from the definition that the d-quasi-Prüfer domains are exactly the quasi-Prüfer domains. 
Proof. (i)⇒(iii) follows immediately from the definition. (iii)⇒(ii) If Q is an upper to zero then by assumption
, and this contradicts the present hypothesis.
. In order to show that D P is a quasi-Prüfer domain, we prove the condition (1
, and hence
Since a quasi-⋆-ideal is also a quasi-⋆ f -ideal, it is clear that ⋆ f -quasi-Prüfer implies ⋆-quasi-Prüfer. Recall that every quasi-⋆ f -ideal is contained in a quasi-⋆ f -maximal ideal and each quasi-⋆ f -maximal ideal is a prime ideal [24, Lemma 2.3] . Therefore, the set QSpec ⋆ f (D) is always nonempty. On the other hand QSpec ⋆ (D) can be empty and in this case the notion of ⋆-quasi-Prüfer domain can be very weak.
Note also that, when ⋆ is a semistar operation of finite type, in the condition (⋆qP) and in the properties (ii), (iii), and (iv) of the previous Lemma 2.1 we can replace QSpec ⋆ (D) with QMax ⋆ (D), obtaining equivalent statements. ι be the semistar operation on D defined by E ⋆ := (EV ) vV , for each E ∈ F (D). Note that ⋆ is not of finite type and more precisely it is not difficult to see that:
Therefore 
Because of the previous observations and Example 2.2, we consider with a special attention the case of ⋆ f -quasi-Prüfer domains. The next goal is to extend to the case of general ⋆ f -quasi-Prüfer domains the characterizations given in Theorem 1.1. For this purpose we need to extend some definitions to the semistar setting.
Let D ⊆ R be an extension of integral domains and let ⋆ be a semistar operation on D. We will say that R is a ⋆-INC-extension of D if whenever Q 1 and Q 2 are nonzero prime ideals of R such that (i) R is a t-linked overring to D.
(ii) For each nonzero finitely generated ideal
In case that ⋆ is a semistar operation on D, we need the following (relativized) extension of the notion of t-linkedness. We say that an overring R of D is t-linked to (D, ⋆) if, for each nonzero finitely generated ideal I of D,
. Therefore the notion of "R is t-linked to (D, t D )" coincides with the "classical" notion of "R is t-linked to D".
We collect in the following lemma some characterizations of the t-linkedness in the semistar setting. 
On the other hand IR ⊆ Q and so (IR) tR ⊆ Q tR = Q. Moreover, if we denote by ι the canonical embedding of D into R, then * := ( ⋆) ι is a (semi)star operation of finite type on R, since R = R e ⋆ = R * . Therefore * ≤ t R and so we get a contradiction, since R = (IR) e ⋆ = (IR)
Remark 2.10. Given a star operation * on D, the property (v) of Lemma 2.9 is used in [6, page 224] for giving the definition "R is * -linked to D" (teminology used in that paper). That notion coincides with the notion of "R is t-linked to (D, * )" (terminology used here) (cf. [6, Proposition 3.2]). Note also that, from the previous Lemma 2.9, we re-obtain in particular the equivalences stated in Remark 2.8.
As a consequence of the previous Lemma 2.9 we deduce immediately the following two corollaries. 
is an integrally closed overring of D and, more precisely, D cl ⋆ = {V | V is a ⋆-valuation overring of D}. Finally, recall that a valuation overring V of D is a ⋆-valuation overring of D if and only if V is an overring of D P , for some P ∈ QMax ⋆ f (D). For more details on this subject and for the proofs of the results recalled above, see [51] , [31] , [32] , [22 (
Let R be an overring of D, and let Q 1 Q 2 be prime ideals of R such that Q 2 ∩ D is contained a quasi-⋆ f -prime P of D. We want to show that
In Theorem 1.1 we gave several characterizations of quasi-Prüfer domains. The main goal of this section is to give a semistar analog characterization theorem for ⋆ f -quasi-Prüfer domains, completing the work initiated in Lemma 2. (6 e ⋆ ) ⇒ (10 ⋆ f ) With the notation used in the proof of (1 ⋆ f ) ⇒ (6 e ⋆ ), the present hypothesis is equivalent to assume that Na( D, * ) is a Prüfer domain. The conclusion will trivially follow if we show that Na( As a matter of fact, let Q be a prime ideal in D. Assume that
and so we reach a contradiction (i.e., P is not in QMax e ⋆ (D)). Conversely, let Q ∈ Max * ( D) and assume that P := Q ∩ D P ′ , for some prime ideal 
From this fact it follows easily that
, and so each quasi-⋆ f -ideal maximal of D is a t-ideal. 
We have already mentioned in Remark 1.2 (d) the interesting open problem of establishing whether the integral closure of a UMt-domain is a PvMD. For a negative answer to this problem we need examples of integral domains D such that the integral closure D is not t-linked to D (Remark 1.2 (a) ). This is not an easy task, even in a general situation.
was left open in that paper. A first example in dimension two was given by Dumitrescu [14] , using the A + XB[X] constructions. We give next another example of this type.
For this purpose we use a construction due to Heinzer, Ohm and Pendleton [35, Example 2.10]. Let K be a field, X, Y indeterminates over K, let V be the X-adic valuation ring of 
(e) D is a UMt-domain. 
We claim that for each prime t-ideal p of A either A p is a valuation domain and B A\p is a field or there exists a finitely generated ideal f of A, f ⊆ p such that (A : f) ∩ A p = A. As a matter of fact, by (f), A is a PID with Max(A) = {m 1 , m 2 }, then the set of prime t-ideals of A coincides with Max(A). Clearly, A m2 = W 2 and B A\m2 = (W 1 ) A\m2 is the quotient field of B (and of A). On the other hand (6 e ⋆ ) ⇒ (6 e ⋆ ) Set (6 ′ e ⋆ ) ⇔ (6 e ⋆ ) Note that, for each E ∈ F (D), we have:
Henceforth it is straightforward that (6
Conversely, if (6 e ⋆ ) holds, we know already that Note also that a UMv-domain is not necessarily a t-quasi-Prüfer domain (= UMt-domain). To see this, let D be a v-domain (i.e., an integral domain such that each nonzero finitely generated ideal is v-invertible [27, Theorem 34.6]) which is not a PvMD (cf. [27, Exercise 5, page 425] and also [8, §3] , [36] and [37] ). A ring of this type must admit an upper to zero which is a maximal v-ideal but not a maximal t-ideal, since it is an integrally closed UMv domain which is not a UMt-domain (Remark 1.2 (d) and [43, Proof.
) Note that from the proof (1 ⋆ f ) ⇒ (12 ⋆ f ) of the previous Theorem 2. 16 , we deduce, without assuming that ⋆ is a (semi)star operation on D, that R is a ( ⋆) ι -quasi-Prüfer domain. Henceforth R is also a t R -quasi-Prüfer domain since ( ⋆) ι is a (semi)star operation of finite type on R. Now applying the implication (1 ⋆ f ) ⇒ (12 ⋆ f ) to R and to the (semi)star operation ( ⋆) ι , since R is trivially t-linked to (R, ( ⋆) ι ), we have in particular that each ( ⋆) ι -maximal ideal of R is a t R -ideal.
( 
